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A passivity criterion for real-time
haptic simulation of viscoelastic soft
tissues
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Abstract
Passivity analysis provides a convenient measure to assess the stability of haptic systems interacting with virtual environ-
ments. Passivity analysis of haptic sampled-data systems coupled with virtual environments requires knowledge of para-
meters of the employed environment model. Kelvin–Voigt models have been popularly used to describe viscoelastic
behavior of soft tissues being simulated in a virtual environment. This paper employs a standard linear solid model that
has been recently shown to be better suited to represent the behavior of the actual soft tissues, and provides passivity
analysis of the haptic systems interacting with virtual viscoelastic soft tissues based on the standard linear solid model.
The analysis results in a new criterion for design and control of passive haptic interfaces. The effect of the employed dis-
cretization method on passivity is also discussed. Experimental results show that the new passivity criterion is less con-
servative. This criterion increases the domain of soft-tissue environments that can be interacted with passively by the
haptic interface.
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Introduction

Analysis of stability and performance of the interaction
between haptic systems and virtual environments has
been a major focus of haptic research. Stability issues
become more important in medical simulation, owing
to the involvement of human lives, where a haptic inter-
face is used to operate on virtual soft tissues and organs
of patients.1,2

Surgical simulation systems with force feedback can
be broadly classified under haptic sampled data sys-
tems, owing to the interaction between continuous
human movements and a discrete virtual world. One of
the most suitable tools to ensure the stability of these
systems, involving human operators, haptic interfaces,
and virtual environments, is by passivity theory.3 This
is primarily because guaranteeing the passivity of a sys-
tem implies that the stability is satisfied. It is, therefore,
a more conservative criterion than that of stability.4,5

However, Hogan has shown that the behavior of the
human operator is passive in the range of frequencies
of interest in haptics.6 Therefore, analyzing the passiv-
ity of such haptic systems boils down to ensuring the
passivity of the haptic interface interacting with the

environment alone. It has been widely shown that an
adequate amount of damping based on a model of the
environment and the sampling time can make the sys-
tem passive.7,8

Another approach was based on the idea of introdu-
cing a virtual coupling, which decouples the haptic
device from the virtual environment, whereby passivity
can be guaranteed for any passive operators and envir-
onments for impedance-type devices7 and a set of non-
passive environments.9 Adams and Hannaford10

designed virtual coupling based on two-port network
theory and Llewellyn’s absolute stability criteria for
both impedance and admittance type devices.
Hannaford and Ryu11 then introduced a variable
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parameter virtual coupling concept in the form of a
passivity observer–passivity controller method and
claimed to obtain optimal energy dissipation in differ-
ent situations, which would enhance the performance
of the system. However, the haptic interface and the
virtual environment are inherently coupled. Hence, this
paper follows the approach of Colgate and Schenkel7

and of Fardad and Bamieh8 and attempts to enhance
the performance of systems interacting with soft-tissue
environments while maintaining passivity.

Performance-focused studies for passive systems
were also carried out by Mahvash and Hayward.12

They used passivity theory to design an update strategy
for reproducing the exact precomputed tool–object
response, which guarantees passivity while maintaining
the fidelity of the system.12 Stramigioli et al.3 devised a
way to preserve the passivity of a haptic system inde-
pendently of sampling time. Franken et al. claimed to
maintain the passivity of a system while simultaneously
allowing the highest transparency. They achieved this
by splitting the communication channel into an energy
channel for ensuring passivity and a haptic information
channel for addressing transparency.13 None of the
these studies, however, considered the aspect of a
proper choice of environment model for the passivity
of any system; this happens to be a deciding criterion
according to the approaches of Colgate and Schenkel7

and of Fardad and Bamieh.8

This paper, therefore, focuses on the aspect of choos-
ing an effective environment model to mimic the viscoe-
lastic behavior of real soft tissues and attempts to
analyze the passivity of systems interacting with those
environments. This study then employs this environ-
ment model to characterize the viscoelastic behavior of
soft tissues and develops a new passivity criterion for
haptic systems interacting with those environments.
The newly developed criterion can serve as a guideline
for the design of haptic interfaces interacting with soft
tissues. This new passivity criterion increases the
domain of soft-tissue environments that can be manipu-
lated by a haptic interface in a passive manner and is
therefore a less conservative criterion than that used by
Colgate and Schenkel.7 This also implies that the pas-
sivity of the system can be maintained with less damp-
ing than that identified by Colgate and Schenkel,7

which can in turn enhance the performance of the hap-
tic system. This paper also analyzes the effect of the
dicretization method on the passivity of the haptic sys-
tems. Experimental results are provided that verify the
proposed theoretical criterion.

Viscoelastic virtual environments

In this paper, we use haptic systems to interact with vir-
tual environments made up of soft tissues exhibiting
viscoelastic behavior during deformation. Two of the
most commonly used models to characterize virtual
environments for the passivity analysis of these systems

are the Maxwell and Kelvin–Voigt models.7,8 It has,
however, been widely seen that the Maxwell model
describes fluid-like behavior whereas the Kelvin–Voigt
model describes more solid-like behavior. They are also
inadequate for representing the creep and relaxation
behaviors of viscoelastic soft tissues. These popular
models also cannot account for the rate of dissipation
of energy subject to cyclic loading.14 A proper environ-
ment model is therefore needed to exhibit these viscoe-
lastic characteristics of soft tissues.

Viscoelasticity exhibits both short- and long-term
memory effects.15 The short-term memory effects can
be associated with the strain rate dependence of the
stress; they are usually modeled by expanding elastic
models to include viscoelasticity15 and can exhibit vis-
coelasticity for small deformations. The standard linear
solid model, as shown in Figure 1, is an example of
such a model. The long-term memory effects, however,
are generally identified by the quasilinear viscoelastic
theory,15,16 which is based on the stress superposition
theory first proposed by Pioletti et al.15 This theory can
account for the nonlinear behavior of the soft tissues
for large deformations. Some researchers also argue
that nonlinear models, such as the Hunt–Crossley
model,17 should be used to model nonlinear soft tissues.
Studies have also been conducted using the generalized
Maxwell models,18 the Christensen viscoelastic consti-
tutive equation,18 and the tensor–mass model19,20 to
describe the nonlinear viscoelastic behavior of soft tis-
sues for large deformations. However, these models are
computationally complex and often lack physical or
biological interpretation of the model parameters.21

Detailed contact mechanics have also been considered
by Mahvash and Hayward22,23 to synthesize the non-
linear haptic response of deformable objects. However,
the data were obtained by offline simulations and mea-
surements.23 It has also been argued that for a pre-
scribed frequency or time domain and for small

Figure 1. Viscoelastic models of virtual environments made up
of soft tissues: (a) Kelvin–Voigt model, (b) standard linear solid
model. These models are commonly used for passivity analysis.
However, the Kelvin–Voigt model is known to describe more
solid-like behavior, which is inadequate for describing the creep
and relaxation behaviors of viscoelastic soft tissues.
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deformations, the linear models can accurately describe
the actual behavior of soft tissues in many
instances.15,24 Hence, the standard linear solid model
was chosen in this study to model the virtual environ-
ment for surgical simulation applications, which consist
of carefully controlled small deformations.

The standard linear solid model combines aspects of
the Maxwell and Kelvin–Voigt models to describe,
accurately, the overall behavior of a viscoelastic soft
tissue under a given set of loading conditions. It is the
simplest model that can describe all the phenomena
accurately.14 The creep and relaxation functions of the
standard linear solid model are shown in Figure 2.
From the creep behavior of Figure 2, it can be seen that
there is no residual deformation once the force is
unloaded from the model and the deformation gradu-
ally returns to zero. The relaxation behavior of the
standard linear solid model shows that when the model
is strained permanently, the force gradually decreases
from its initial peak value but settles for a nonzero resi-
dual force. These behaviors of the standard linear solid
model are similar to that of soft tissues and cannot be
modeled by the Maxwell or Kelvin–Voigt models;
hence, the standard linear solid model can better repre-
sent the viscoelastic soft-tissue behavior than the popu-
lar Maxwell and Kelvin–Voigt models.14,21,24,25

Passivity

Problem formulation

A schematic representation of the model of a haptic
sampled data system is shown in Figure 3; in this sys-
tem, a human operator manipulates a haptic interface
modeled with inertia m and damping b. The haptic
interface is used to interact with a linear time-invariant
virtual environment, modeled by discrete-time pulsed
transfer function H(z). The dashed box is considered a
linear time-invariant continuous-time system; hence,
the system is called a sampled data system, as it involves
the interaction between a continuous-time system and a
discrete-time environment.

The human operator is considered to be passive7

and it is known that the feedback connection of passive

systems is stable.8 Hence, stability is achieved for the
overall system if the system from v to z is passive and,
therefore,8 derives the necessary condition for passivity.
This condition also becomes the sufficient condition as
given in equation (1) once the discrete-time pulsed
transfer function H(ejvT) satisfies closed-loop stability,
as remarked by Fardad and Bamieh8

b.
T

2(1� cosvT)
< (1� e�jvT)H(ejvT)
� �

ð1Þ

Here, the frequency v lies between 0 and the Nyquist
frequency vN =p=T. The condition of equation (1)
matches the passivity condition presented by Colgate
and Schenkel.7

H(ejvT) is substituted as the pulse transfer function
of the Kelvin–Voigt model to obtain the following pas-
sivity criteria

b.
KT

2
+B ð2Þ

where K and B are the environment stiffness and dam-
per in parallel, respectively, as given in Colgate and
Schenkel.7

Passivity criterion for standard linear solid model

For a standard linear model, the applied force F is
related to the total displacement u, as shown in

F+
h1

m1

_F=m0 u+
h1

m0

1+
m0

m1

� �
_u

� �
ð3Þ

where m0 and m1 are the spring constants and h1 is the
damper. The total displacement u, which is also the dis-
placement of m0, is the sum of the local displacements
u1 and u2 (see Figure 1). For detailed derivations, see
Appendix 1. We applied Laplace transform to equation
(3), which gives

Figure 2. Creep and relaxation functions for the standard
linear solid model. The standard linear model combines aspects
of Maxwell and Kelvin–Voigt models and is the simplest model
that can describe the creep and relaxation behaviors of
viscoelastic soft tissues accurately.

Figure 3. Model of a one degree-of-freedom haptic sampled
data system. A human operator manipulates a continuous-time
haptic interface with inertia m and damping b to interact with a
discrete-time linear time-invariant virtual environment H(z).
ZOH: zero-order hold.
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F(s)+
h1

m1

sF(s)=m0 u(s)+
h1

m0

1+
m0

m1

� �
su(s)

� �
ð4Þ

We obtained the transfer function H(s) of the standard
linear solid model as

H(s)=
F(s)

u(s)

=
m0 +h1 1+ m0

m1

� 	
s

1+ h1

m1
s

ð5Þ

The backward transformation, as formulated in equa-
tion (6), is applied to convert equation (5) from the con-
tinuous domain to the discrete domain

s=
1� z�1

T
ð6Þ

Substitution of equation (6) into equation (5) results in

H(z)=
m0m1T+h1(m0 +m1)(1� z�1)

m1T+h1(1� z�1)

=m0 +
h1m1(1� z�1)

m1T+h1(1� z�1)

ð7Þ

Finally, we have

H(z)=m0 +
1

1

m1

+
Tz

h1(z� 1)

ð8Þ

Theorem 1. A necessary and sufficient condition for pas-
sivity of haptic systems interacting with virtual soft tis-
sues, modeled using the standard linear solid model, is
given by equation (9). This condition is noted as the cri-
terion for viscoelastic passivity of haptic systems

b.
m0T

2
+

m1h1T

2h1 +m1T
ð9Þ

Proof. The transfer function of the virtual environment
modeled as the standard linear solid model is obtained
from equation (8). It is substituted into the passivity
condition of equation (1) to derive the passivity criteria
for the haptic system interacting with viscoelastic vir-
tual environments. We, therefore, obtain

b.
T

2(1� cosvT)
<(P) ð10Þ

where

P=m0(1� e�jvT)+
1� e�jvT

1

m1

+
Te�jvT

h1(1� e�jvT)

ð11Þ

P is simplified as

P=m0(1� e�jvT)+
e�jvT(ejvT � 1)

h1(e
jvT�1)+m1Te

jvT

m1h1(e
jvT�1)

=m0(1� e�jvT)+
m1h1(e

jvT + e�jvT � 2)

h1(e
jvT � 1)+m1Te

jvT

ð12Þ

We substitute ejvT = cosvT+j sinvT, and get equa-
tion (13)

P=m0 (1� cosvT)+ j sinvTf g

+
2m1h1( cosvT� 1)

h1 ( cosvT� 1)+ j sinvTf g+m1T( cosvT+j sinvT)

=m0(1� cosvT)

+
2m1h1( cosvT� 1) h1( cosvT� 1)+m1T cosvTf g

Q

+j m0 sinvT� (h1 +m1T) sinvT

Q

� �

ð13Þ

where

Q= h1( cosvT� 1)+m1T cosvTf g2

+ (h1 sinvT+m1T sinvT)2
ð14Þ

This implies equation (15)

<(P)=m0(1� cosvT)

+
2m1h1(1� cosvT) h1( cosvT� 1)+m1T cosvTf g

Q

ð15Þ

Finally, equation (10) is written as equation (16),
using equation (14)

b.
m0T

2

� Tm1h1 h1( cosvT� 1)+m1T cosvTf g
h1( cosvT� 1)+m1T cosvTf g2 + (h1 +m1T) sinvTf g2

ð16Þ

We then apply three extreme conditions for the fre-
quency range. First, when v=0, equation (16)
becomes

b.
m0T

2
� Tm1h1(Tm1)

(Tm1)
2

=
m0T

2
� h1

ð17Þ

and when v=p=2T, equation (16) becomes

b.
m0T

2
+

Tm1h1
2

(h1 +m1T)
2 +h1

2
ð18Þ

Finally, when v=p=T, equation (16) becomes

b.
m0T

2
� Tm1h1(� 2h1 � m1T)

(� 2h1 � m1T)
2

=
m0T

2
+

m1h1T

2h1 +m1T

ð19Þ
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Equations (17), (18), and (19) are compared to give
the maximum value that exists at v=p=T and is given
in equation (19).

This analysis does not take the dynamics of the
human operator into account. It is claimed that these
dynamics make the system more stable26,27 and that
human operators can be seen interacting with passive
objects in a stable fashion.6,28 The human operator is
generally passive, but might be an active source of
energy at frequencies below 10 Hz.27 It is, however,
well known that the device inertia and friction, together
with the environment stiffness, appear passive in such a
low frequency band. The interaction is hence stable at
such low frequencies in spite of the active behavior of
the human operator.27 Coulomb friction and quantiza-
tion are negligible, since the haptic system components
and the environment model are linear in nature.29

Moreover, the coulomb friction can entirely dissipate
the energy induced by the quantization at not-so-fast
operational speeds of surgical simulation of soft tis-
sues.27,29,30 Time delay may generate and inject energy
but the coulomb friction of the haptic device also dissi-
pates it at surgical speeds.30

A condition for the selection of sampling rate can
also be devised based on equation (9). The sampling
rate has to be high for a stiffer body for which the
delayed elastic response parameter, described by the
parallel spring, is high. This result agrees with the com-
mon notion of the need of higher sampling rate when
interacting with stiff bodies.7 Conversely, the sampling
rate can be low for softer bodies with low parallel stiff-
ness values.

The proposed passivity criterion could also be
applied to medical applications, where devices interact
with real soft-tissue environments. For this, a complete
knowledge of the environment impedance is needed. As
a solution to this, an online estimation algorithm of the
environmental parameters (i.e., m0, m1, and h1) is pre-
sented, using a recursive least squares method, in
Appendix 2.

Effect of the discretization method

The effect of the discretization method on the passivity
of a haptic system is analyzed. The zero-order hold dis-
cretization method is not used because it causes a delay
in the system and introduces phase lag, which distorts
the frequency response. Forward difference method is
also not used because the jv axis in the s-plane does not
accurately map to the unit circle in the z-plane.31 The
popular bilinear transformation according to Tustin’s
method is used to convert equation (5) from the contin-
uous domain to the discrete domain. The bilinear trans-
form is given by

s=
2(1� z�1)

T(1+ z�1)
ð20Þ

Therefore, the bilinear transform given in equation (6)
is substituted in equation (21) to get

H(z)=m0 +
1

1

m1

+
T(z+1)

2m1(z� 1)

ð21Þ

This pulse transfer function of the environment
model is substituted into equation (1) and simplified to
obtain the necessary and sufficient condition for the
passivity of sampled data systems, which is

b.
T

2
(m0 +m1) ð22Þ

The detailed proof is given in Appendix 3.
It is to be noted that when the model is discretized

using the bilinear transformation, the required mini-
mum damping of the haptic device for maintaining the
passivity of the haptic system is independent of the
environment damping. This criterion is also more con-
servative than that of equation (9), which is derived
using backward transformation. Therefore, the passiv-
ity analysis depends highly on the choice of discretiza-
tion method.

Results

Simulation results

Two simulations were carried out using MATLAB. The
first simulation was aimed at investigating the effect of
environment model parameters on the range of environ-
ments that can be interacted by a given haptic interface
in a passive manner. The newly developed passivity cri-
terion given by Theorem 1 and the previous criterion
given by equation (2) were compared in this study. We
used PHANToM as the haptic device, with 0.27 kg/s
damping32 and 1 kHz sampling rate. For this haptic
device, and for a range of environment damping, the
critical environment stiffness was found that satisfied
the two criteria. The series stiffness of the standard lin-
ear solid model was taken to be 10 N/m. The results are
shown in Figure 4(a). It can be seen from the figure that
the critical environment stiffness for the viscoelastic
passivity criterion is much higher than that of the con-
ventional passivity criterion based on Kelvin–Voigt
model.

The second case study was carried out to investigate
the effect of sampling time on the passivity region. In
this study, the haptic device damping was taken to be
the same as in the previous case. The environment
damping was taken to be 0.5 N/m and the environment
series stiffness for the linear solid model was taken to
be 10 N/m. The critical environment stiffness was then
determined and compared based on the two passivity
criteria, when the sampling time was varied from 0.5 ms
to 5 ms. The results are shown in Figure 4(b). The
results show that as the sampling time increases, the
critical environment stiffness decreases for both the cri-
teria, as one would intuitively expect.
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Experimental result

The experimental setup, shown in Figure 5(a), was pre-
pared using PHANToM as the haptic device and a
one-degree-of-freedom mechanical device, also referred
to as a linear manipulator. The linear manipulator con-
trols the position of the end-effector of PHANToM
and is employed to exclude the effect of human opera-
tor intervention in the experiment. The end-effector of
PHANToM is attached to the linear manipulator and
is actuated by a DC motor. The actual interaction force
is measured by an ATI FT6409 force–torque sensor
placed between the linear manipulator and the end-
effector of PHANToM.

In the experiment, the stiffness of the virtual wall is
gradually increased while the motorized linear guide is
simultaneously pushed into the virtual wall. The maxi-
mum attainable stiffness of the virtual wall is determined
and the stability of the haptic system is checked by mon-
itoring the position and force data using the graphical
user interface program, as shown in Figure 5(b).

Two experimental scenarios were designed, similar
to the simulations outlined in the previous section. In

the first scenario, the maximum attainable environment
stiffness was determined based on the change of envi-
ronment damping while the sampling rate was fixed at
1 kHz. The second scenario was designed to check the
effect of the sampling time on the maximum attainable
environment stiffness, wherein the environment damp-
ing was fixed at 0.5 kg/s. In both cases, the series envi-
ronment stiffness for the standard linear solid model
was fixed at 10 N/m. Table 1 shows the range of the
environment damping and sampling time used in the
experiments.

The results of the first and second experiments are
summarized in Tables 2 and 3, respectively. Each
experiment was performed five times to consider the
effects of uncertainty and noise that might be present.
Hence, the average maximum attainable stiffness of
five observations is plotted and the standard deviation
is marked as error bars in the figures.

Figure 6(a) shows the experimental results for the
first scenario. Like the simulations, it can be seen from
the figure that the maximum attainable environment
stiffness for the viscoelastic passivity criterion is much
higher than that of the conventional passivity criterion
based on the Kelvin–Voigt model. This shows that the
proposed viscoelastic passivity criterion increases the
domain of viscoelastic environments that can be
manipulated passively by a haptic interface. This also
shows that the earlier criterion was more conservative,

Figure 4. Simulation result for critical environment stiffness:
(a) with variation of environment damping; (b) with variation of
sampling time. From (a), we see that the critical environment
stiffness is higher for the standard linear solid model than for
the Kelvin–Voigt model. From (b), we see that for both the
models, as sampling time increases, the critical environment
stiffness decreases.

Table 1. Parameters of experiments.

Environment damping Sampling time

Experiment 1 0–14 kg/s 1 ms
Experiment 2 0.5 kg/s 0.5–5 ms

Table 2. Maximum attainable environment stiffness according
to environment damping.

Experimental parameters Maximum attainable
environment stiffness (N/m)

Environment
damping (kg/s)

Sampling
time (ms)

Linear
solid
model

Kelvin–Voigt
model

0 1 5322 5350
0.1 1 5238 5242
0.2 1 5100 5082
0.3 1 5126 5158
0.4 1 5100 4962
0.5 1 5110 5054
1 1 5203 5002
1.5 1 5114 4892
2 1 5138 4724
5 1 5164 3540
7 1 5292 3584
10 1 5292 2932
12 1 5892 1958
14 1 6094 0
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and, for interactions with soft tissues, the newly devel-
oped criterion should be used. In other words, less
damping is required to maintain the passivity of the
haptic system, which would in turn enhance the perfor-
mance of the system.

The result of the second experiment is shown in
Figure 6(b). This result is also very similar to the one
obtained from simulations. It shows that the critical
environment stiffness of the standard linear solid model
is comparable to that of the Kelvin–Voigt model when
the effect of sampling time is considered. As the sam-
pling time increases, the maximum attainable environ-
ment stiffness decreases for both models.

Conclusions

A new passivity criterion based on the standard linear
solid model was developed in this paper, which better
describes the viscoelastic behavior of soft tissues than
the previous Kelvin–Voigt model. This proposed criter-
ion for passivity is less conservative than the popular

criterion for passivity based on the linear solid model.
Hence, it increases the domain of viscoelastic virtual
environments that can be passively simulated and inter-
acted by a haptic interface.

The difference in the maximum attainable stiffness
between the new passivity criterion and the criterion
based on the linear solid model becomes large as the
environment damping increases. The difference rises to

Table 3. Maximum attainable environment stiffness according
to sampling time.

Experimental parameters Maximum attainable
environment stiffness (N/m)

Environment
damping (kg/s)

Sampling
time (ms)

Linear solid
model

Kelvin–Voigt
model

0.5 0.5 5982 5754
0.5 1 5542 5604
0.5 2 4904 4734
0.5 3 3826 3806
0.5 4 3574 3576
0.5 5 3374 3310

Figure 5. Experimental setup: (a) hardware configuration, (b) graphical user interface. Our setup consists of the graphical user
interface, which is used to render the virtual environment as well as to visualize the data in real time. The manipulator in our
experimental setup moves linearly and has a force–torque sensor at the end. This motion is mapped to the motion of the end-
effector of PHANToM, which is in turn mapped to the virtual stylus in the graphical user interface.

Figure 6. Experimental result for maximum attainable
environment stiffness: (a) with variation of environment damping;
(b) with variation of sampling time. Like the simulation results,
we see that as damping increases, the critical environment
stiffness is higher for the standard linear solid model than for the
Kelvin–Voigt model. Also, as sampling time increases, the critical
environment stiffness for both the models decreases.
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6094 N/m when the environment damping is 14 kg/s.
There is, however, no significant difference between the
two criteria when the effect of sampling time is consid-
ered. The biggest increase in the maximum attainable
environment stiffness for the new criterion is only
about 3:96% compared with the criterion based on the
Kelvin–Voigt model when the sampling time is 0.5 ms.
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Appendix 1. Force–displacement relation
for a standard linear solid model

Figure 1 shows a standard linear solid model. Let f1 be
the force generated by the damper h1 and f2 be the force
generated by the spring m1. Let f be the force generated
by the spring m0. From the model, we know

F= f+ f1

=m0u+h1 _u1

=m0u+h1 _u� _u2ð Þ
=h1 _u� h1 _u2 +m0u

ð23Þ

Also

F= f+ f2

=m0u+m1u2
ð24Þ

From equation (24), we find

u2 =
F� m0u

m1

ð25Þ

Substituting equation (25) into equation (23), we
obtain

F=h1 _u� h1

_F� m0 _u

m1

� �
+m0u

F+
h1

m1

_F=m0 u+
h1

m1

_u+
h1

m0

_u

� �

F+
h1

m1

_F=m0 u+
h1

m0

1+
m0

m1

� �
_u

� � ð26Þ

Appendix 2. Online estimation of
environment parameters

We discretized the impedance model of equation (3)
using bilinear transformation and simplified it to

Ft = � a1Ft�1 � a2Ft�2 + b1ut + b2ut�1 + b3ut�2 ð27Þ

It can be expressed in the form of

y(t)= uTu(t) ð28Þ

where

y(t) = Ft

uT = a1 a2 b1 b2 b3ð Þ
a1 =

2m1T

h1T+2h1

a2 =
m1T� 2h1

m1T+2h1

b1 =
m0m1T+2h1(m0 +m1)

m1T+2h1

b2 =
2m0m1T

m1T+2h1

b3 =
m0m1T� 2h1(m0 +m1)

m1T+2h1

uT(t) = �Ft�1 �Ft�2 ut ut�1 ut�2ð Þ

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð29Þ

We obtained the parameter matrix uT using a recur-
sive least squares method with forgetting factor l as
shown in equation (30).

u½k�= u½k�1�+L½k� y½k� � uT
½k�u½k�1�

� 	
ð30Þ

where

L½k� =
P½k�1�u½k�

l+uT
½k�P½k�1�u½k�

P½k� =
1

l

P½k�1�u½k�u
T
½k�P½k�1�

l+uT
½k�P½k�1�u½k�

 !
8>>>><
>>>>:

ð31Þ

Algorithm 1 OnlineEnvironmentParameterEstimation()

Initial guess of P0, u0, and l
Find F0, F1, u0, and u1

Assume P1 = P0

while new data is available do
At t = t� 2, store Ft�2 and ut�2

t + +
Store Ft�1 and ut�1

Find Pk�1 and uk�1

t + +
Store Ft and ut

Store uT(t) = �Ft�1 �Ft�2 ut ut�1 ut�2ð Þ
Find Pk, Lk, and uk

Find m0, m1, and h1

Store all parameters
t + +

end while
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We selected three independent equations from the
solved parameter matrix to obtain the model para-
meters as

m0 =
b1 + b3

a1

m1 =
2(a1b1 � b1 � b3)

a1(2� a1)

h1 =
a1b1 � b1 � b3

a21

� �
T

8>>>>>><
>>>>>>:

ð32Þ

Algorithm 1 is the algorithm of the impedance esti-
mation scheme. The loop of impedance estimation con-
tinues as long as new data start to be delivered during
real-time operation, and the estimated impedance para-
meters are being used to update the environment model.
The algorithm needs information from two previous
instants for computation at any instant. The algorithm
runs continuously until either new data are available
for update or convergence is not reached. The computa-
tional burden and memory usage are relatively low, as
only the information from two previous instants is
used.

Appendix 3. Proof of equation (22)

We apply the commonly used bilinear transformation
according to Tustin’s method to convert equation (5)
from the continuous domain to the discrete domain.
We use the bilinear transform given in equation (20),
which is substituted into equation (5) to obtain

H(z)=
m0m1T(1+ z�1)+2h1(m0 +m1)(1� z�1)

m1T(1+ z�1)+2h1(1� z�1)

=m0 +
2h1m1(1� z�1)

m1T(1+ z�1)+2h1(1� z�1)

ð33Þ

And, finally, we obtain

H(z)=m0 +
1

1

m1

+
T(z+1)

2h1(z� 1)

ð34Þ

The pulse transfer function of the model, obtained
from equation (28), is substituted into equation (1) and
we obtain equations (35) and (36).

By putting ejvT = cosvT+j sinvT into equation
(35), we have equations (37) and (38)

b.
T

2(1� cosvT)
<(P) ð35Þ

where

P=m0(1� ejvT)

+
2m1h1(e

jvT + e�jvT � 2)

ejvT(2h1 +m1T)� (2h1 � m1T)

ð36Þ

P=m0(1� cosvT)+
4m1h1( cosvT� 1)(2h1 +m1T) cosvT

Q

� 4m1h1( cosvT� 1)(2h1m1T)

Q

+j m0 sinvT� (2h1 +m1T) sinvT

Q

� �

ð37Þ

where

Q= (2h1 +m1T) cosvT� 2h1 +m1Tf g2

+ (2h1 +m1T)
2 sinvT

ð38Þ

Finally, equation (36) is written as equation (39)

b.
m0T

2
� 2Tm1h1 (2h1 +m1T) cosvT� 2h1 +m1Tf g

Q

ð39Þ

We then apply two extreme conditions for the fre-
quency range. When h1 ø 0, equation (39) is maximized
at v=p=T. Therefore, equation (39) becomes

b.
m0T

2
� 2Tm1h1(� 4h1)

(� 4h1)
2

=
T

2
(m0 +m1)

ð40Þ

Otherwise, when h1 \ 0, equation (39) is maximized
at v=0. In this case, equation (39) becomes

b.
m0T

2
� 2Tm1h1(2m1T)

(2m1T)
2

=
m0T

2
� h1

ð41Þ

Thus, we obtain the damping of the haptic interface
for passivity by combining the criteria in equations (5)
and (41) as

b. max m0T
2 � h1,

T
2 (m0 +m1)

h i
ð42Þ

This result is based on considerations of negative
environment damping, which might be physically
unrealistic but theoretically plausible. The critical con-
dition for haptic device damping, while considering
only the case of positive environment damping, is given
as

b.
T

2
(m0 +m1) ð43Þ
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